The significance of nonlinear temperaturedependent density relation and convective boundary condition on natural convection flow of an incompressible micropolar fluid with homogeneous-heterogeneous reactions is analyzed. In spite of the complicated nonlinear structure of the present setup and to allow all the essential features, the representation of similarity transformations for the system of non-dimensional fluid flow equations is attained through Lie group transformations and hence the governing similarity equations are worked out by a numerical approach known as spectral quasi-linearization method. It is noticed that in the presence of the nonlinear convection parameter enhance the velocity, species concentration, heat transfer rate, skin friction, but decreases the temperature and wall couple stress.
Introduction
The analysis of nonlinear thermal convection is of great interest owing to their numerous applications in engineering, astrophysics, geophysics and industrial manufacturing process such as cooling of electronic components, doping processes, pore water convection near salt domes etc. In a wide range the effect of buoyancy force discussed assuming that density and temperature differ linearly. Barrow and Rao [1] investigated the variable coefficient of ther-*Corresponding Author: Ch.RamReddy: Department of Mathematics, National Institute of Technology Warangal-506004, India, E-mail: chittetiram@gmail.com; chramreddy@nitw.ac.in T. Pradeepa: Department of Mathematics, National Institute of Technology Warangal-506004, India mal expansion effect on free convection flow. Vajravelu et al. [2] analyzed the significance of nonlinear convection flow over a porous plate with heat sources (or) sinks. Partha [3] considered the mathematical model on nonDarcy porous medium with a temperature-concentrationdependent density relation, in which observed that an increase in nonlinear temperature and concentration parameters, the heat and mass transfer varies extensively depending on Darcy and non-Darcy porous medium. Prasad et al. [4] scrutinized the natural convection flow along a vertical flat plate saturated non-Darcy porous medium with nonlinear density temperature variation under prescribed constant surface temperature.
The heat transfer problems related to the convective boundary condition is more extensive and it occurs in realistic situations, where heat transfer occurs at the boundary surface to or from a fluid flowing on the surface at a known temperature and a known heat transfer coefficient, e.g. in heat exchangers, condensers and re-boilers. The effects of magnetic field and thermal stratification on free convection flow along a vertical surface in a non-Darcy porous medium saturated with nanofluid using convective boundary condition has been reported by Murthy et al. [5] . Rout et al. [6] analyzed the magneto-hydrodynamic flow including heat source and chemical reaction over a moving vertical plate under prescribed convective boundary condition. RamReddy et al. [7] considered the convective boundary condition on natural convection flow in a micropolar fluid over a vertical surface and obtained the solution numerically by spectral quasilinearization method.
Most of the researchers are using chemical reactions in heat and mass transfer problems, owing to the realistic applications in engineering and industrial process. Many chemical reacting system concerns with heterogeneous and homogeneous reactions, few examples arising in catalysis, bio-chemical system, and combustion. The interface between heterogeneous reactions on some catalytic surfaces and homogeneous reactions occurs in the bulk of the fluid is normally very complex, which elaborated in the yielding and utilization of reactant species at distinct rates both on the catalytic surfaces and within the fluid. Merkin [8] presented a model for homogeneousheterogeneous reaction on uniform stream flow over a flat surface in which the heterogeneous reaction takes place by first-order process and the homogeneous reaction by cubic autocatalysis method. Many researchers discussed the effect of homogeneous and heterogeneous reactions on Newtonian/non-Newtonian fluid with various geometries under different conditions [9] [10] [11] .
The theory and applications of one of the bestestablished theories of fluids are the micropolar fluid, pioneered by Eringen [12] . The review and applications of micropolar fluid theory can be found in the books by Lukaszewicz [13] and Eremeyev et al. [14] . The theory of micropolar fluids includes micro-rotation as well as microinertia effects. Also, this theory studies with viscous fluids in which micro constituents are rigid and spherical or randomly oriented. The effect of radiation on the steady heat transfer flow of a micropolar fluid has been examined by Perdikis and Raptis [15] . Shaw et al. [16] investigated numerically by considering homogeneous-heterogeneous reactions and suction effects on an incompressible micropolar fluid over a permeable shrinking/stretching surface embedded in saturated porous medium. Prakash and Muthtamilselvan [17] analyzed the transient fully developed micropolar fluid flow through parallel vertical porous plates with influence of radiation and magnetic field effects using third kind boundary condition.
In the recent past decades, several researchers gained attention on obtaining the similarity solution of the convective transport phenomena problems which occurs in fluid dynamics, plasma physics, aerodynamics, meteorology, etc by using different procedures. One such procedure is Lie group analysis. The concept of Lie group analysis initiated by Sophus Lie to determine transformations which map a stated differential equation to itself and it combines nearly all familiar exact integration techniques (For Ref.
See Pakdemirli and Yurusoy [18] , Rajasekhar and Sharma [19, 20] ). It has been suggested by various researchers to study convection flows of different flow phenomena over various geometries (see Hassanien and Hamad [21] ; Seddeek et al. [22] ; Kandasamy et al. [23] ; Dessie and Kishan [24] etc. are worth observing).
From the preceding studies, it reveals that the nonlinear convection flow in a micropolar fluid with thermal radiation and homogeneous-heterogeneous reactions effects using convective boundary condition has not been discussed so far. Motivated by all these works, this article attempts to present the new similarity transformations and corresponding similarity solution to the homogeneousheterogeneous reaction and nonlinear convection of a micropolar fluid considering the Lie scaling group transformations and convective boundary condition. Also, the influence of important parameters, namely, nonlinear convection, strength of homogeneous and heterogeneous reactions and Biot number on the physical quantities of the flow and mass transfer rates are analyzed in detail.
Mathematical Formulation
A two dimensional steady, laminar incompressible micropolar fluid flow along a vertical flat plate with thermal radiation is considered. The temperature in the ambient medium be T ∞. The fluid flow is also concerned with nonlinear temperature and density relation (i.e., nonlinear convection). Further, the micropolar fluid is nonscattering medium, gray meanwhile, absorbing and emitting radiation and the Rosseland approximation is employed in the energy equation to characterize the radiative heat flux. The cartesian coordinate system is preferred to represent the x-axis along the vertical plate and the y-axis is normal to the plate, as depicted in Fig. (1) . By convection the vertical plate is either heated or cooled from a fluid of temperature T f , if T f > T∞, corresponds to heat surface and T f < T∞ then it relates to cooled surface.
It is assumed that a model of homogeneousheterogeneous reaction attains as introduced by Merkin [8] in the following form : For homogeneous reaction, cubic autocatalysis method is chosen, namely
While the heterogeneous reaction is isothermal first order reaction on the catalyst surface, By employing the Boussinesq approximation, the governing micropolar fluid flow equations [25] are given by
where u and v are velocity components along the x and y directions respectively, μ is the dynamic coefficient of viscosity, ω is the microrotation component whose direction of rotation lies in the x y-plane, T is the temperature, a, b are the concentrations of chemical species A and B , ρ is the density, j represents the micro-inertia density, D A and D B are the diffusion coefficients of chemical species A and B respectively, g * indicates the acceleration due to gravity, β 1 , β 2 are the volumetric coefficients of thermal expansion, κ represents the vortex viscosity, σ * is the stefanBoltzmann constant, α is the thermal diffusivity, and k * represents the coefficient of mean absorption . In the Eq. (4), the last term is obtained by assuming the temperature differences within the flow are amply small and the power function is illustrated as a linear function of temperature by neglecting the terms of higher-order.
The corresponding boundary conditions are
here, the subscripts w and ∞ represent the conditions at the wall and outer edge of the boundary respectively, a 0 is a positive constant, h f represents the convective heat transfer coefficient, ks is a rate constant, n is a material constant, k represents the fluid thermal conductivity and [25] and also the references cited therein).
Non-dimensionalization
Introducing the following non-dimensional variables
where
represents the Grashof number.
Introducing the stream function ψ by u = ∂ψ ∂y , v = − ∂ψ ∂x which satisfies the continuity equation identically.
Using (8) into Eqs. (2)- (6), we get the following momentum, angular momentum, energy, and species A and B concentration equations ∂ψ ∂y
∂ψ ∂y
In usual definitions, ν is the kinematic viscosity, R = 4σ * T Now the boundary conditions (7) become
where Ks = 
Similarity equations via Lie group transformations
A one-parameter Lie group transformations is selected as (Seddeek et al. [22] )
Here ε ≠ 0 is the group parameter and α i s are real numbers not all at the same time zero. Equations ( 
Using the procedure explained in the article by Uddin et al. [27] and Mutlag et al. [28] , the following similarity transformations are:
( 1 7 ) where β T0 and β T1 are constant coefficients of thermal expansion. Using Eq. (17) into Eqs. (9) - (13), we get the resulting similarity equations :
where the primes represent derivative with respect to η, χ = β T1 β T0 (T f − T∞) is the nonlinear density temperature (NDT)
parameter. and related boundary conditions (14) are
It is supposed that the chemical species diffusion coefficients are of equivalent size, which undergo further presumption that the diffusion coefficients D A and D B are identical, i.e., δ = 1 [8] . This presumption results to the subsequent relation:
Thus, Eqs. (21) and (22) reduce to
and are subject to the boundary condition
The shear stress, couple stress, and the heat transfer rate at the surface of wall are , and the local Nusselt number
, which are given by
and
is the local Grashof number.
Numerical Solution
Here, the spectral quasi-linearization method (QLM) is introduced for solving the non-linear system of Eqs. (18) - (20) and (25) (26)). The QLM is initiated by Bellman and Kalaba [29] , which is the generalization of the NewtonRaphson method and it is used to find the solution of nonlinear boundary value problems.
Assume that the solutions f r, gr, θr and hr of Eqs. (18)- (20) and (25) at the (r + 1)
and h r+1 . If the solutions at the previous iteration is sufficiently near to the existing iteration, the nonlinear components of the Eqs. (18)- (20) and (25) can be linearised using Taylor series expansion for multiple variables neglecting the higher order derivative terms so that the Eqs. (18)- (20) and (25) give the following iterative sequence of linearized equations:
where the coefficients a s1,r (s1 = 1, 2, 3, 4), b s2,r (s2 = 1, 2, .., 4), c s3,r (s3 = 1, 2) , d s4,r (s4 = 1, 2, 3) and 
The above linearized equations (29) to (32) comprises a system of coupled ordinary differential equations with variable coefficients and can be worked out iteratively using the Chebyshev spectral method (Refer the works of Motsa et al. [30, 31] to get more details). The initial approximations f 0 , g 0 , θ 0 and h 0 for the system of equations (29) - (32) are selected as functions that satisfy the boundary conditions:
Begining from these initial approximations the iteration scheme (29) to (32) can be worked out iteratively for f r+1 (η), g r+1 (η), θ r+1 (η), h r+1 (η) when r = 0, 1, 2,.... For this, discretize the equation using the Chebyshev pseudospectral collocation method. Here, the unknown functions are approximated by the Chebyshev interpolating polynomials in such a way that they are collocated at the GaussLobatto collocation points, interpreted as
where N denotes the number of collocation or grid points used. The physical region [0, ∞) is converted into the region [−1, 1] using the following mapping in which the given problem is solved on the interval [0, η ∞] rather than [0, ∞).
where η∞ represents the scaling parameter used to implore the boundary condition at infinity. The functions f r+1 , g r+1 , θ r+1 and h r+1 are approximated at the collocation or grid points by
here T k specifies the k th Chebyshev polynomial expressed
At the collocation points the derivatives of the variables are expressed as
where q is the order of the derivative and D = 2D η∞ being the Chebyshev spectral differentiation matrix and its entries are clearly mentioned in Canuto et al. [32] . Substituting Eqs. (35)- (39) into Eqs. (29)- (32) leads to the matrix equation
related to the boundary conditions
In Eq. 
where 
Results and Discussions
In order to justify the code generated the existing results as a special case by taking N = 0, χ = 0, n = 0, Pr = 1, R = 0, and Bi → ∞ have been compared with the results of Merkin [33] , Nazar et al. [34] and Molla et al. [35] and reported an excellent agreement with present results, as presented in Table. (1). Also, compared the −θ (0) values with the outcomes attained by Nazar et al. [34] as displayed in Table. (2) when n = 0. 
With varying nonlinear convection parameter (NDT)
The second set of figures 3(a)-3(d) plotted for N = 0.5, R = 1, K = 1, K s = 0.5 and Bi = 1 and the variation of dimensionless velocity f , microrotation g, temperature θ and species concentration h across the boundary layer. The nonlinear convection (NDT) parameter χ finds the nonlinearity in density-temperature relationship. Physically, χ > 0 intends that T f > T∞ hence from the wall heat supplies to the flow region. Similarly χ < 0 refers that T f < T∞, and in this case heat transfers from the fluid to the wall. The influence of NDT or nonlinear convection parameter χ on the velocity profile is depicted in Fig. 3(a) . As the NDT parameter increases, the velocity profile increase in amplitude and show opposite trend far away from the wall. From Fig. 3(b) , noticed that the microrotation depicts reverse behaviour near the boundaries with increased value of NDT parameter. From Figs. 3(c) and 3(d) observed that the temperature profile reduces but, the concentration enhances with increase of nonlinear convection parameter. 
With Varying values of K and Ks
The third set of figures 4(a)-5(b) plotted for N = 0.5, R = 1, χ = 0.2 and Bi = 1 and the variation of dimensionless velocity, microrotation, temperature and species concentration across the boundary layer. An enhancement in K and K s corresponds to rise in homogeneous and heterogeneous reactions strength rate. The effect of varying strength of homogeneous and heterogeneous reactions is seen to be qualitatively same for species concentration and rate of mass transfer with increasing values of K and K s. Compared to the heterogeneous reaction, the influence of homogeneous reaction is less about the species concentration.
Skin friction, Wall couple stress and heat transfer coefficient
The fourth set of Figs. 6(a)-6(f) display the effects of Biot number and nonlinear convection on non-dimensional skin friction C f Gr 
Conclusions
In this composition, the effects of nonlinear temperaturedensity relation and homogeneous-heterogeneous reactions on micropolar fluid flow along a vertical plate with convective boundary conditions is investigated numerically by spectral quasi-linearization method. From the present investigation the main points are summarized as follows:
The enhancement in Biot number Bi, decrease the wall couple stress coefficient, whereas an increase the temperature distribution, species concentration, skin friction and heat transfer rate within the boundary layer. Further, with a rise in Biot number Bi, enhances in velocity distribution near the plate, but shows the reverse behavior far away from the plate.
We observe that the microrotation shows reverse rotation within the boundary layer. -With the influence of nonlinear convection parameter χ, it is noticed that low temperature and wall couple stress coefficient, but high velocity, species concentration, skin friction and rate of heat transfer. Moreover, microrotation depicts the opposite trend far away from the wall. -It is found that with increase of strength of homogeneous and heterogeneous reaction parameters K and K s, species concentration and mass transfer rate decreases. We conclude that homogeneous reaction effect is low at species concentration as compared with heterogeneous reaction. 
